SOME INCOMPLETE NOTES ON ULTRAPRODUCT, FRAISSE LIMITS, ETC

KYLE GANNON

1. INTRODUCTION

Informally, let K be a class of structures (graphs, groups, hypergraphs, rings...). Our main questions of
interest for this course are the following;:

Question 1.1. Does there exists an object My which encodes the complexity of the class K7 If so, how do
we construct it? What properties does this structure have? If such a perfect structure does not exist, are
there alternatives? In which ways can we construct an object from the class C which resembles K?

In general, there are several different solution to this problem. In this course, we will study three solutions:

(1)
(2)
(3)

Fraissé limits.
Ultraproducts
{0, 1}-laws.

We give a crude description of each of these resolutions to our question:

(1)

(2)

If K has several nice properties (i.e., Hereditary products, Joint Embedding property, and the amal-
gamation property), then the Fraissé limit exists. This object really encodes the complexity from
the class and is unique. Moreover, from the Fraissé limit, one can recover the original class by
considering the so called age of the limit.

If IC is arbitrary, one can always take an ultraproduct of the class. Ultraproducts are a kind of forced
convergence. They will always exist. However, they may not reflect the complexity of the entire class
— generally it concentrates on a subsection of the class and it dependent on the choice of ultrafilter.
This constructions arises in many areas of mathematics [from combinatorics to Banach space theory]
and is extremely useful for building counterexamples.

One can think of probabalistic limits (or {0,1}-laws) as somewhere in-between Fraissé limits and
ultraproducts. The limit in this case is known as the almost sure theory. Like Fraissé limits, it
does not always exist, but when it does exist, it describes the eventual theory of arbitrarily large
structures from the class.

2. FRASSISSE LIMITS AND THE RANDOM GRAPH

Throughout this section, we let IC be a class of finitely generated L-structures. We to describe an object
which encodes the complexity of K.

Definition 2.1. We say that M is K-universal if for every A € K, there exists an embedding from A into

M.

Definition 2.2. We say that M is ultrahomogenous if for any two finitely generated substructures A, B
from M, this there exists an automorphism f : A — B, then there exists an automorphism « : M — M such
that a|s = f.

Definition 2.3. We let the age of M, age(M), be the class of structures which are isomorphic to a finitely
generated substructure of M.

Definition 2.4. We say that M is a Fraissé limit of the class I if M is countable, ultrahomogenous,
K-universal, and age(M) = K.



2.1. Finite graphs. An important example is in the case of finite graphs. Recall that a graph G = (V, E)
is a collection of vertices V and a collection of edges E C V2 \ {(v,v) : v € V'} which is symmetric. Another
presentation is as follows: a graph G is a structure in the language £ = {R(x,y)} where R is a single binary
relation and

(1) G = VaVy(R(z,y) — R(y, x)).

(2) G =Vz-R(z, ).

Elements of G are are vertices; G = R(a,b) if and only if there is an edge between a and b.
Question 2.5. Does K admit a Fraissé limit?

Try: Give an example of a C-universal graph.

Let K(N) = {G is a finite graph: vertex set of G is a subset of N}. Consider M = | gexqy) G were
M = R(a,b) if and only if a anb b come from the same graph G and G = R(a,b).

It is obvious that M is K-universal. It is easy to check that M is not ultrahomogenous.

Try 2: We build the Rado graph (also known as the Random graph), N.

Step 0: Let Ny = {0}.

Step k + 1: Suppose we have constructed Ni. We let Ny 1 := N L {vffl“ : A CP(Ng)}. So, we have the
graph N, and we add 2/V¥l-many new vertices. We an edge between an element a of N and a new vertex
U]k;l if and only if a € B. Otherwise, we do not add any new edges and we do not add any edges between
pairs of new vertices.

Step w: Consider the graph (J; oy Ni-

Proposition 2.6. For every n,m >0, N =V, ...,x,Vy1, ..., yp32 (/\:L<n R(x;, z) A /\j<m -R(y;, z))
Proof. Fix ay,...,apn,b1,...,b; € N. Let t be the smallest number such that aq,...,a,,b1,..., b € Ny. Then
the appropriate element /vertex is found in Nyy;. |

Proposition 2.7. For any finite graph H, there exists some A C N such that A with the induced structure
is isomorphic to H.

Proof. By induction on the size of H. Suppose that the statement is true for graphs of size n — 1. Suppose
|H| =n and let H' C H such that |[H'| =n—1. Let H\ H =b. Let B={a € H : H = R(a,b)}. By the
induction hypothesis, there exists some A’ C N such that H' = A’. Let t be the smallest number such that
A’ C N;. We claim that A’ U v?l >~ H. O

Corollary 2.8. N is K-universal.
Question 2.9. Is N also ultrahomogenous?
Yes.

Proposition 2.10. Suppose that A, B C N such that f : A — B is a graph isomorphism. Then doa: N — N
an automorphism such that a4 = f.

Proof. Enumerate two copies of N.
(1) a1y ey @py Qg1 .ee.
—_——
A
(2) bla ) bna bn+17
——
B
We build our automorphism in stages.

Step 0: Let ap = f.

Step k + 1.i: Suppose we have constructed ay, with domain Ay and image By. Let t be the smallest index
such that a; & A. Let C ={a € Ar : N = R(a,as)}. It follows by Proposition 2.6 that there exists some
b, such that b, € Bi and for all b € By, N = R(bs,b) if and only if b € a(C). Let s be the smallest index
such that by ¢ By and b € By, N |= R(bs,b) if and only if b € a3 (C). Set o = ap U {(as,bs)}-
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Step k + 1.ii: [To entail surjectivity, we need to go back.] Let A} be the domain of o}, and the image
be Bj. Let t' be the smallest index such that by is not in Bj.[A similar argument allows one to find a
corresponding element in the first enumeration and send it to b *.

We let a = [,y @k We claim that o is an isomorphism. ]

Theorem 2.11. N is a Fraissé limit of the class of all finite graphs.

3. FIRST-ORDER LOGIC

First-order logic is a general framework in which to study arbitrary structures and/or classes of structures.
The structures in question usually have kind of algebraic flavor (groups, rings, fields, graphs). In recent years,
there has been a push to work with a variant of first order logic called continuous logic which allows one to
appropriately talk about continuous objects (e.g., Hilbert spaces, measure algebras).

Another important reason why we care about first-order structures is because they formalize a collection of
sentences which can be true about any particular strucutre. Hence, we can formally discuss all the first-order
sentences which are true about a structure M.

Formally, a first order language £ is a collection of function symbols, relation symbols, and constant
symbols. The relation symbols and function symbols come equipped with a fized arity. These means that a
language is something like £ = {R(z,y), f(z)} where R is a binary relation and f is a unary function. Or
L ={+, x,0,1} where 4, x are binary function symbols and 0,1 are constants.

An L-sentence is a coherent string of symbols below.

(1) Logical symbols, all languages have the following:
(a) ‘(" and ).
(b) Connectives, (—, A, V, ).
(¢) Variables (v;)ien (In formal proofs, we have this countable of variables. In practice, we usually
use the symbols z,y, z...).
(d) An equality symbols ‘=".
(e) Quantifiers V, 3.
(2) Most importantly, symbols from £
(a) A collection of function symbols (each with fixed arity). This can be possibly empty.
(b) A collection of Relation symbols (each with fixed arity). This can be possible empty.
(c) A collection of constant symbols. This can be possibly empty.
In practice, we may write £ = {(fi)ier, (R;)jes, (ck)rer } where the f;’s are function symbols, the R;’s
are relation symbols, and the c;’s are constant symbols.

Remark 3.1. In an L-sentence, all of the variables are bound. For example, if £ = {+} then VaVy(z +y =
y + x) is a sentence while Vy(z +y = y + ) is not a sentence.

A coherent string of symbols with free variables such as Vy(z+y = y+2x) is called an £-formula.
All L-sentences are L-formulas.

4. MODELS AND SATISFACTION

An L-structure is an object in which L-sentences can be true or false with respect to that particular
structure.

Definition 4.1. Let £ = {f1,..., fu, R1, .., Rm, 1, ..., ¢k }. Then an L-structure (also called an £-model) is
a tuple (A4; fM, ..., RM ... M) where
(1) A is a non-empty set.
(2) An interpreation for each function, relation, and constant symbol.
(a) For each n-ary function symbol f; in £, fM : A" — A.
(b) For each n-ary relation symbol R; in £, RM C A"
(¢) For each constant symbol ¢; in £, cM € A.

LSince these are notes, I will be a little pedantic. Let D = {b€ B}, : N = N(bby)}. Again, by Proposition 2.6, there exists
some ax such that a. ¢ A} and for all a € A}, N |= R(ax,a) if and only if a € (a41) 1(D). Let s’ be the smallest index such
that a,s satisfies the above condition. Set a1 = o ) U{(ay,by)}
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The point is for each symbol from the language, we need to give an interpretation in our structure.
Example 4.2. Consider the language £ = {R(z,y), f(z)} where R is a binary relation symbol and f(z) is
a unary function symbol. Here are some example of structures:

(1) M =(Z;<,S) where R =< and f = S, the successor function, n — n + 1.

(2) N = (N;z|ly,x — 2?) where R is interpretted as ‘x divides y’ and f is interpreted as the squaring
function.

(3) N"=({1,2,3,4,5}; R, f) where R is the binary relation which holds only on {(1,2),(3,3)} and f is
the function which sends every to 1.

Definition 4.3. We write M = ¢ if ¢ is true relative to M.

Remark 4.4. For every L-sentence, ¢ is either true or false with respect to M; so either M = ¢ or M | —¢.
It cannot = both ¢ and —¢.

Example 4.5. Consider the structure M = (Z;+, x,0,1). Then
M = Vady(z +y = 0),
but
M B JaVy(z +y = 0).
Definition 4.6 (Definable set). Let M = (A4;...) be an L-structure. Let D C A™. We say that D is definable
if there exists an L-formula ¢(x1, ..., x,) such that (ai,...,a,) € D if and only if M |= ¢(ay, ..., an).
Example 4.7. Consider (N;+, x,0,1).
(1) Is {0} a definable subset of N7 Yes. Consider the formula

wo(z) =Vylx+y=y+x).
(2) Is {1} a definable subset of N? Yes. Consider the formula

p1(z) =Vylx x y =y x x).
(3) Is {0,1} a definable subset of N? Yes. Consider the formula

po.1() = @o(x) V ¢1().
(4) Is {n} a definable subset of N? Yes. Consider the formula

on(r) = y(pry) ANz =y + ... +y)
N——

n—times

(5) Primes? Yes. Exercise.
(6) {(a,b):a < b}? Yes. Exercise.

Definition 4.8. Let M; = (A;;...) and My = (As;...) be L-structures. We say that a map G : Ay — As is
an embedding if
(1) G: Ay — Ay is an injection.
(2) G preserves functions, relation and constant symbols, i.e.
(a) For each n-ary function f; in £ and tuple (ay, ..., an) € A7,
G(fM(ay, ...,an)) = M2 (G(ar), ..., Gay)).
(b) For each n-ary relation symbol R; in £ and tuple (aq,...,a,) € A%, (a1,...,a,) € Rle if and
only if (G(ay), ..., G(a,)) € RM2. In other words,
My ): R(Ch, ...,an) — M, ): R(G(al), . G(an))
(c) For each constant symbol ¢, G(cM1) = Mz,
We say that G is an isomorphism is G is also surjective. An automorphism is an isomrophism from M; to
M.

For convention, we sometimes say an isomorphism G maps from M; to Ms.
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Definition 4.9. Fix £ and let M = (4;...) be an L-structure. A map G : A — A is called an automorphism
if it is an isomorphism.

Proposition 4.10. Let M = (A;...) and G: M — M be an automorphism. Let D C A™ be a definable set.
Then for any (a1, ...,a,) € A", we have that (a1, ...,a,) € D if and only if (G(a1),...,G(a,)) € D.

The previous result allows us to show that certain subsets of a first order structures are not definable.

Example 4.11. Consider (Z,S) where S is the usual successor function. Let E = {n € Z : n is even}.
Consider the map ¢ : Z — Z via o(n) = n+ 1. We claim that o is an automorphism. Notice that if E where
definable, then for any a € E, we have that o(a) € E. However, 2 € E, 0(2) = 3, and 3 € E. Hence E is not
definable in this structure.

Example 4.12. Using the previous fact, one can show that {(a,b) : a < b} is not a definable subset of
(R;+,0). However, it is a definable subset of (R;+, x,0,1).

5. L-THEORIES AND BASIC MODEL THEORY

Definition 5.1. An L-theory is a collection of L-sentences. We say that a theory T is complete iff for every
L-sentence @, either ¢ € T or ~¢ € T. We say that T is satisfiable iff there exists some M such that Vo € T,
M = ¢, or in other words, M = T.

Example 5.2. Let £ = {<}. Consider the following sentences:

(1) p1 =Va(r <x).

(2) po =VaVyVz((z <yAy < z) = 2 < 2).

(3) ¢3 =Vavy((x <y Ay <z) =z =y)

(4) @1 =VaVy(x <yVy <)

(5) @5 =Vady(x #y Aa <y).

(6) ¢ =VrIy(zr #y Ay < x).

T or=VaVy(z £ yNae<y— Jzx<zAz<yAx#zAy#z).
Let ¥ = {¢1,...,¢07} is a theory.

Example 5.3. Let £ = {0}. Consider

n = Jx1... 32, /\ Ti F T

1<4,j<n;i#j
Then ¥ = {¢,, : n > 1} is a theory.
Example 5.4. If M is an L-structure, then The(M) = {¢ : M |= ¢} is both complete and satisfiable.

Theorem 5.5 (Compactness theorem). Let T be an L-theory. Then ¥ is satisfiable if and only if ¥ is
finitely satisfiable. In other words, there exists some M such that M = X if and only if for every ¥o C ¥
such that X is finite, there exists some My = L.

Example 5.6. Using the compactness theorem, we can build non-standard models of arithmetic. Consider
the language £ = {+, x,0,1,c}. We build a non-standard model of arithmetic. Consider the collection of
sentence:
T=Ths(N)U{c>1+..4+1:neN}
w—/
n—times

Using the compactness theorem, we can show that 7T is finitely satisfiable and thus T itself is satisfiable.
Thus it has a model, N. Forgetting about the constant symbol gives a non-standard model of arithmetic.
This structure, for example, has ”infinite primes”.

Theorem 5.7 (Upward-downward Lowenheim-Skolem theorem). Suppose that |L]| < Rg and T is a satisfiable
theory with infinite models. Then for every infinite cardinal k, there exists a model of T of size k.

Definition 5.8. Let M; and Ms be L-structures. We say that M; is elementary equivalent to My and write
My = M, if for every L-sentences ¢, My |= ¢ if and only if My = .
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Proposition 5.9. Let My and My be L-structures. If My = My, then My = Ms.

Proof. Exercise. ]
Example 5.10. (R; <) and (Q; <) are not isomorphic, but they are elementary equivalent.

Question 5.11. How does one show this?

We describe a method which can work some of the time. Suppose that we are given two L-structures, say
N and M where M is countable. Then one may try to do the following
(1) Step 1: First, find a theory Ty C Tho(M) that sufficently captures the theory of M. Show that for
every other countable L-structure, if Ny |= Tp, then Ny = M.
(2) Step 2: Show that N = Tp.
In the case of (Q;<) and (R; <), write down the axioms of a dense linear ordering without endpoints.
Every countable model is isomorphic to (Q, <) [using a back-and-forth] argument. Obviously, (R; <) is also
a dense linear order without endpoints.

6. FRAIISSE’S THEOREM

Throughout this section, we assume that |£]| = Rg. Let K be a class of £ structures which is closed under
isomorphism.

Definition 6.1. We say that K has the hereditary property (HP) if for every A € K, age(A4) C K.

Definition 6.2. We say that K has the joint embedding property (JEP) if for every A, B € K, there exists
some C' € K such that A and B embed into C.

Definition 6.3. We say that K has the amalgamation property (AP) if for every A, By, By € K and
embeddings f; : A — By and fo : A — B, there exists some C € K and embeddings g; : By — C and
g2 : Bo — C' such that the diagram commutes; i.e., g1 o f1 = g2 0 fs.

Proposition 6.4. Let K be a class of finitely generated L-structures such that |IC/ = | is countable. Then
the following are equivalent:

(1) There exists a countable L-structure M such that age(M) = K.
(2) K has the JEP and HP.

Proof. Straightforward. (2) = (1), enumerate representatives of each isomorphism type of structure, say
(Ei)i<w~

Step 0: Let Dy = Ej.

Step n+ 1: Suppose we have constructed D,, where Dy C ... C D,,. Then use the joint embedding
property to find a structure D,,41 so that E, and D, embed into it.

Let M = D,,. a

n<w N

Remark 6.5. For example, let K be the class of finite linear orders. Then (N, <), (Z, <), and (Q, <) are
structures such that their are is equal to K.

Proposition 6.6. Let K be the age of M and suppose that |M| = Rg. Then the following are equivalent:
(1) M is ultrahomogenous.
(2) For all A,BeK,if f: A— M and g: A — B are embeddings, then there exists some h: B — M
such that the diagram commutes.
(8) For every finitely generated substructure A of M and B € K, if f : A — B is an embedding, the
there exists a g : B — M such that go f =id4.

Proof. We briefly describe how the proofs work:
(1) (1) — (3) Diagram chase.
(#) (3) = (1) A back-and-forth style argument.
(791) (2) «— (3) is straightforward.



Theorem 6.7 (Fraissé’s Theorem). Let L be a countable language. Let K be a class of finitely generated
L-structures which is closed under isomorphisms and has only countable many isomorphism classes, i.e.,
|/ 22| =Rg. The the following are equivalent:

(1) Then there exists a unique L-structure M such that
(a) M| = X,.
(b) age(M) =K.
(¢) M is ultrahomogenous.

(2) K has the HP, JEP, and AP.

M s called the Fraissé limit of the class K.

Proof. (1) — (2); We will show that K has AP, the other conditions are straightforward. So suppose
that A, By, B, f1, fo are given. Since age(M) = K, there exists a map h : A — M. By Proposition
6.6, if we consider the map f; o h=! : h(A) — By, then there exists some map g; : By — M such that
giofioh ™l = idp(a). Likewise, if we consider the map fs o h~1: h(A) — Bs, then there exists some map
g2 : Bo — M such that gy o fooh™! = idp(a). Let C' = (g1(B1), 92(B2)). We claim that the diagram with
A, By, Ba, f1, f2, 91, g2, C commutes and thus the amalgamation problem has been solved.

(2) — (1); This is a more complicated variant of Proposition 6.4. We will only check that the structure
we build is ultrahomogenous. The other properties are either clear by construction or left to the reader as
an exercise. We build a structure M = D,, such that

(1) For all A € K, A embeds into M.
(2) fA,BeK,AC B,and f : A — D, is an embedding, then there exists some j > i and an embedding
g : B — Dj such that g|4 = f.

n<w

Notice that condition (2) above implies condition (3) from Proposition 6.6. We will construct a set of pairs
of elements from K. Indeed, P C {(4,B) : A,B € K and A C B} such that every possible isomorphism
type of pairs has a representative. Let 7 : w X w — w be a bijection such that 7 (4, j) > i. Let (E;);<w be an
enumeration of representatives of the isomorphism types from K.

Step 0: Let Dy be any element from K.

Step k + 1: Suppose that we have constructed Dy and Dy C .... C Dy,. First, replace Dy, with D} where
we get Dj. via the JEP applied to Dj and Ej. We then add some labellings to the grid w x w. We let
((f(r,i)> Aks)» Bir,j)) + 7 < w) where this sequence is an enumeration of pairs from P along with all possible
embeddings from A into Dj. We remark that this enumeration is countable.

Then, if 7(i,j) = k, we construct Dy, as follows: Consider the elements A;;, Bij, fi;. Then fi; : Aj; —
D; C Dy C D, and ¢ : A;; — Byj is the inclusion map. By AP, there exists some Dy41 completing the
diagram. O

Example 6.8. The following classes of structures admit Fraissé limits.

(1) Finite graphs; The Fraissé limit is the random graph. It is axiomatized by the following collection
of sentences:

=

V1, ey T VYL, ooey Y T2 /\ R(z,2) A

i=1 J

R(yi, 2)

1

We know that this is the Fraissé limit by Fraissé’s theorem, namely, there only exists one structure
such that age(M) is all finite graphs and M is ultrahomogenous. We proved previously that this
structure had such properties.

(2) Finite linear orders; The Fraissé limit is (Q, <).

7. AXIOMIZATIONS

Fact 7.1. Suppose that A is a finite L-structure, say of size n. Then there exists a single L—sentence ¢
such that if B = ¢, then B = A.

The idea is to write out all of the atomic facts about the finite structure.
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Example 7.2. Suppose that £ = {R(z,y)} and G be a finite graph on the vertex set {1,...,n}. Then let

va(Z) = /\ T #Fxj A /\ R(x;, ;) A /\ —R(zi,z5) ANVy (\/y:xl>

1<i<j<n 1<i<j<n 1<i<j<n i=1
GER(i,j5) GE-R(i,7)

Then if H | 3T (Z), then H = G.
Recall: By definition, structures are non-empty.

Definition 7.3. Let T be an L-theory. We say that 7" is an axiomization of T if
(1) T CT.
(2) M ET then M =T.
Idea: T is general can be quite complicated; we want to reduce T to something less complicated which
we can understand.

Example 7.4. Suppose that A is a finite L—structure. Then {3Tp4(Z)} is an axiomization of Th.(A).

Example 7.5. The theory of (Q, <) is axiomatized by ¥ from Example 5.2. This requires an argument;
using back-and-forth.

We remark that in general, axiomizations are not unique.
Question 7.6. Is there a simple way to understand Th,(Mx)?

7.1. Axiomizations of Fraissé limits. For this entire section, we assume that £ is a finite relational
language. Fix a Fralssé class (of finite structures) K. For each natural number n, we let K(n) be the finite
set of structures from K with domain {1,...,n}. Consider the following two families of sentences:

(1) For each natural number n;

0, :=Vz1,...,2n /\ z F x| — \/ 0a(T)
1<i<j<n AEK(n)
(2) One point extension axiom: For all A € K(n) and B € K(n + 1), we say that (A, B) is a one-point-
extension if A is the induced substructure of B with domain {1, ...,n}. Given a pair (A, B) which is
a one-point-extension, we let

Ya,p =23y (pa(z) — ¢B(T,Y)).

Lemma 7.7. Suppose L is countable. Fix an L-theory T and suppose that M =T where |M| = Xg. Suppose
that for every countable L-structure N, if N =T then N 2 M. Then if N' |E T we claim that N' = M.

Proof. Suppose not. Then there exists a uncountable L-structure N’ such that N’ = T, and there exists a
sentence o such that M = ¢ but N’ = —¢. By the downward Lowenhiem-skolem theorem, there exists a
countable models Ny = T U {—¢}. But then Ny = M so N9 = M and so Ny = ¢. Thus Ny E ¢ A -, a
contradiction. ]

Theorem 7.8. Let K be a Fraissé class in a finite relational language. Let My be the Fraissé limit of K
and T =Thy(My). Then T = {0,,,%a 5 : n > 1;(A, B) a 1-point-extension} is an axziomization of T.

Proof. Back-and-forth. By Lemma 7.7, it suffices to prove claim 1 below:
Claim 1: Suppose that |[N| = Xy and N | T'. We claim that then N = My, so N = My and thus N E T.
We sketch the argument. Enumerate My by c1,co, ... and N by di,ds,.... Suppose that at step k, we have
constructed the isomorphism fj : Cx — Dy which are finite substructures of My and N respectively (say
of size n). Let j be the smallest number such that ¢; is not in the domain of fi. Then Cy U {c¢;} is a
substructure of My (call it B"). Then

N E Yeo,ue;}.8°
and in particular, we conclude that

N ': ¥B’ (Dkv 8)
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where e is some d; in the enumeration. Let f; = fi U{(¢;,d;)}. To complete the proof, one still needs
to do the back portion of the back-and-forth. Then take a union of the constructed functions to get an
isomorphism. O

8. PSEUDOFINITE

8.1. Pseudofinite Fraissé limits.

Definition 8.1. Let T be an L-theory. We say that T is pseudofinite if for every finite subcollectino Ty C T,
there exists a finite model My such that My = Tp.

Proposition 8.2. Suppose that T’ is an aziomization of T. If T' is pseudofinite, then T 1is pseudofinite.
Proof. Exercise. O

Example 8.3. The random graph is pseuduofinite.
Proof. Consider

T = {Vay, ., 2y, oy Yo /\xl #y; — 3z /\ZR%‘ A —zRy;
ij ij

The above collection of sentences axiomatizes the random graph [recall that there is no such thing as the
empty-structure, by convention]. It suffices to show that each sentence above is true in a finite model (since
¢k, implies @gr o for any k' < k and ¢’ < ). The argument is probabilistic. For fixed n € N, consider
V = {1,...,n}. For each edge e € [V]?, we consider the probability space Q. = {0, 1.} with P.({1.}) = t.
We let G(n,t) be the probability space HeE[V]Q Q. with the product measure. Fix a pair of disjoint vertices
U and W from v where |U| < k and |[W| < ¢. Then the probability that there is no suitable v € V' which
connects to every U and does not connect to any W is bounded by (1 — t*s*)"=*=¢ where s = (1 —t). Since
there are no more than n*+¢ many pairs (U, W) with UNW = () and |U| < k, |W| < ¢, we have that the
probability that ¢ ¢ fails for a random graph of size n is bounded by

nk+e (1 — ghgtyn—h—t

As n — oo, the above expression goes to 0. Thus, we may find such a graph which witnesses ¢y, ¢. ([l

Example 8.4. Let I be the class of all finite linear orders. Then we know that the theory of the Fraissé
limit is the same as the theory of (Q, <). This is not pseudofinite.

Question 8.5. Let K be the class of all finite triangle free graphs. It is still open whether or not the Fraissé
limit of this class is pseudofinite.

Question 8.6. When are Fralssé limits pseudofinite?

A nice answer can be found in Disjoint n-amalgamation and pseudofinite countably categorical theories
by Alex Kruckman - See https://arxiv.org/abs/1510.03539. We will simplify part of his analysis below
just for our particular setting:

Definition 8.7. Let M be an L—structure in a finite relational language. Then a quantifier free type (in
variables z1, ..., z, over {)) is the collection of the relations [and negations| (including equality) which are
true about a tuple of points a,...,a, in M. Formally,

q(T1, s Tn) = tpyp(ar, ..., an)
={R(ziy,...,x;,) : Re L, M |= R(ai,,...,a;,) } U{=R(x,...,x;,) : R€ L, M = —-R(a;,,...,ai, )}

So, a quantifier free type (in variables {1, ..., 2, } over () is a consistent collection of data.

Definition 8.8. A basic quantifier free disjoint n-amalgamation problem is the following:

Take P([n]) and let P~ ([n]) = P([n]) \ {1,...,n}. Consider the variables x1, ..., z,. Label each element S
from P~ ([n]) with a quantifier free type (over the emptyset) in variables {z; : i € S} such that if S’ C S,
then ps|(s,.ics3 = psr. Does there exists a quantifier free type ¢ in free variables {1, ...,x,} such that for
all 8" € P~([n]), ql{z.:ics'y = ps:? If such a q exists, ¢ is called a solution.

We say that T has disjoint n-amalgamation if every n-amalgamation probelem has a solution.

9



Intuitively, can we consistently glue together quantifier free types.
Theorem 8.9. Suppose that T has n—disjoint amalgamation for all n. Then T is pseudofinite.

Proof. Probabilistic argument. See Theorem 3.10 in Disjoint n-amalgamation and pseudofinite countably
categorical theories. O

9. ULTRAFILTERS

Definition 9.1. Let I be an indexing set and P(I) denote the power set of I. A filter F (on I) is a
non-empty subset of P(I) with the following properties:

(1) 0 ¢ F.

(2) If A,B € F,then ANB € F.

(3) f BD Aand A € F, then B € F.

The following facts are easy to check.

Fact 9.2. Let I be an indexing set and F is a filter on I.

(1) For any finite collections Ay, ..., A, € F, iz, Ai € F.
(2) IcF.

Example 9.3. Let I =N.

(1) For any a € N, welet D, = {X CN:a € X}. D, is a filter. Filters of this form are called principal.
(2) Let Feofinite = {X € N : [N\X| < Rg}. This is a filter and is known as the cofinite-filter or the
Frechet filter.

Definition 9.4. Let I be an indexing set and let F be a filter on I. We say that F is an ultrafilter on I if
for every X C I, either X € F or I\X € F.

Proposition 9.5. Suppose that F is a filter on I. Suppose that A C N such that A ¢ F and INA & F. Let
Fa={BNA:B€F}. Let Fo = {C : IE € Fa such that C 2 E}. Then

(1) FCF.

(2) F is a filter on I.

Proof. Suppose that C' € F. Then C O CN A and so C € F. Moreover, A € F, but A ¢ F by assumption.
Hence F' C F.
We now show that F is a filter.

(1) Suppose that § € F. Then @) € F4. Hence there exists some B € F such that BN A = (. Then
I\A D B which implies that I\ A € F'. This contradicts our assumption.

(2) Suppose that Cq,Cy € F. Then there exists By, By € F such that C; 2 By N A and Cy D By N A.
Then B; N By € F and C1 N Cy D (B N By) N A. By construction, C; N Cy € F.

(3) Suppose that Cy € F and Cy D C;. Then there exists B € F such that C; D BNA. SoC, 2 BNA
and therefore Cy € F.

Hence F is a filter. O

Theorem 9.6. Let I be an indexing set and suppose that F is a filter on I. Then there exists an ultrafilter
D on I such that F C D.

Proof. This follows from an application of Zorn’s lemma. Consider (G, C) where G = {D : D is a filter over
I and D D F}. Let (C,C) be a chain in this partial order. We need to show that this chain has an upper
bound. Consider the set H = (J,co D. We claim that H € G and H is an upper bound for C. It suffices to
show that H is a filter.

(1) Suppose that ) € H. Then there exists some D € C such that ) € D, but this is a contradiction
since D is a filter. Hence () ¢ H.
(2) Suppose that Ay, Ao € H. Then there exists some D € C such that Ay, Ay € D. Then Ay N Ay € D
which implies Ay N Ay € H.
(3) Suppose that A; D Ay and Ay € H. Then there is some D € C such that Ay € D. So 4; € D and
so A, € H.
10



By Zorn’s lemma, there exists a maximal element K € G. Since K € G, we know that F' C K. We claim
that K is an ultrafilter. Assume not. Then there exists some A C I such that A ¢ K and I\A ¢ K. By
the previous proposition K 4 is a filter which properly extends K. Thus K is not maximal and so we have a
contradiction. O

Definition 9.7. Let I be an indexing set and D be an ultrafilter on I. We say that D is a principle ultrafilter
if there exists some ¢ € I such that D = D; = {X C 1 :4i € X}. Otherwise, we say that D is non-principle.

Proposition 9.8. Suppose that I is finite. Then every ultrafilter on I is principle.

Proposition 9.9. Suppose that I is infinite. Then there exists a non-principle ultrafilter on I. Moreover,
if D is a non-principle ultrafilter on I, then D contains every cofinite set, i.e. for any X C I such that
[INX| <N, X € D.

10. ULTRAPRODUCTS

Definition 10.1. Let [ be an indexing set and (M;);c; an indexed family of L-structures. We consider the
product [[,.; M;. Notice that every element in J],.; M; can be thought of as a function f : I — (J,c; M;
where f(i) € M;. Elements of [],.; M; can also be thought of as sequences of points (a1, az,as,...) where
each a; € M;.

Now let D be a filter on I. We define a relation ~p on []
1) = 9(i)} € D.

se1 My where f ~p g if and only if {7 € I :

Proposition 10.2. Let I be an indexing set, (M;);c1 an indexed family of L-structures, and D be a filter

on I. Then ~p is an equivalence relation on Hie[ M;.

Proof. Exercise. O

Definition 10.3. Let I be an indexing set, (M;);cr an indexed family of L-structures, and D be an ultrafilter
on I. Welet [][, M; = [[;,c; Ms/ ~p. In other words, if [f]p = {g € [[,c; Mi : f ~p g}, then [[, M; =
{lflp : f €Ilicr Mi}. TIp M; is an L-structure with the following interpretations of L-symbols (for ease of
notation, we let N =[], M;):

(1) Let R be an n-ary relation symbol. Then ([fi]p, ..., [fx]p) € RY ifand only if {i € I : (f1(4), ..., fn(i)) €
RMi} € D.

(2) Let G be an n-ary function symbols. Then G ([f1]p, ..., [fu]p) = [h]p where h(i) = GMi(f1(i), ..., fu(i)).

(3) Let ¢ be a constant symbol. Then ¢V = [f.]p where f.(i) = M.

The structure [ [, M; is called an ultraproduct.

Theorem 10.4 (Los’s Theorem). . Let I be an indexing set, D an ultrafilter on I, (M;);cr an indezed
family of L-structures, and fi, ..., fn € [1;c; Mi. Then for any L-formula p(x1, ..., 2y),

[1Mi Ee(filp, - [fulp) == {i € 1: Mi E o(f1(0), ... fu(i))} € D.

Moreover, for any L-sentence @, we have that

[[MiEe < {icl:Mi[=¢}eD.
D

Proof. Induction hypothesis: Suppose the condition holds for ¢ (1, ..., z,) and 6(x1, ..., ).
11



Conjunction: Follows from intersection part.

HMi = ([ filp, s [fulD) AO([f1]D; - [fu]D)

Aaad HMZ ': w([fl}Dv"w [fn]D) and HMZ ': 9([f1}D7“'7 [fn]D)
D D

— {iel: M, E¥(fi(0),....fn(@)} €D and {i e I: M; Ev(f1(3),..., fn(i))} € D
= {iel: My l=(fi(@), .. fu(i)} 0 {i € - My |= p(f1(0), -, fu(i))} € D
= {iel: M= p(fi(i), s fu(i) AU(f1(5), -, fn(i))} € D

Negation: Check.

Existential quantifier: We want to show that the statement holds for Iz ¢ (x1, ..., z,).

[T M E 3erp(an, (ol ps s [falp) <= [ Mi E ¢glns [fo]ps s [fn] D)
D D

= i €1 M = p{gli), foli)s s fali))) € D
— {iel: M; = Iz(x, f2(i),..., fuli))} € D.

Last if and only if forward direction is trivial, backwards direction “relies on the Axiom of choice”. [

Corollary 10.5. Let (M;)ier be an indexed family of L-structures, M be an L-structure, and suppose that
M = M; =M, for each i,j € I. If D is an ultrafilter on I, then

HMiEM.
D

Definition 10.6. Let I be an indexing set, M; = M for every ¢ € I, and D be an ultrafilter on I. Then
[Ip, M; is called an ultrapower and there is a natural map A : M — [[, M via A(a) = [(ag,a1,a2,...)|p.
In other words, an element a in M is mapped to equivalence class of the constant function f, where for any

iel, fu(i) = a.

Example 10.7. Let I = w, M; = (N, <) for each ¢ < w, and D be an ultrafilter on I which extends the
cofinite filter. Then

(1) We notice that there are elements in [],, M; which are larger than every standard natural numbers,
e.g. [(0,1,2,3,4,..)]p.

(2) TIp M; has no greatest elements since {i € I : M; |=VaIy(z < y)} € D.

(3) We notice that [[,, M; is not well-ordered: Consider the sequence

[(0,1,2,3,4,5,...)]p > [(0,0,1,2,3,4,...)] p > [(0,0,0,1,2,3)] p...

Example 10.8. Consider the theory of algebraically closed fields of characteristic p (ACF,) in the language
Lring = {+, %,0,1}. These theories say

(1) The structure is a field.

(2) The structure is algebraically closed (i.e., every polynomial has a solution).

3)1+....41=0

—_————
p—times
For each prime p, we let F, = ACF,. Then [[,F, = ACF,. More generically, one can prove that
I[I,F, = (C;+, x,0,1).
The following lemma is quite helpful.

Lemma 10.9. Let T be a theory. Then I be the collection of finite subsets of T. Suppose that for every
i € I, there exists some M; such that M; = 1. Then there exists an ultrafilter D on I such that [, M; =T.
12



Proof. For each ¢ € T we let ¢ = {i € I : ¢ € i}. Consider the set E = {¢ : ¢ € T}. This set have the
finite intersection property. In other words, if we find ¢1, ..., §,, € E, then ;_; ¢; # 0. In particular, notice
that {¢1, ..., on} is an element of the intersection. One can prove that there exists an ultrafilter D such that
E C D [extend FE to a filter, then extend to an ultrafilter using Zorn’s lemmal. We claim that [[, M; =T
Suppose that ¢ € T. Then ¢ € E. Then {i € I : M; = ¢} C ¢ € D. Hence [[, M; |= .

Remark 10.10. One can prove the compactness theorem directly from Los’s theorem using the lemma
above.

Corollary 10.11. Let T be a theory. Then T is pseudofinite if and only if there exists an indexing set I,
an indexed family of finite structures (M;)icr, and an ultrafilter D on I such that [[, M; =T.

Proof. Direct from 10.9. O

11. ELEMENTARY CLASSES

Definition 11.1. Let K be a class of L-structures. We say that K if an elementary class if and only if there
exists an L-theory T such that

MeK < MET.
Moreover, we say that an elementary class is a basic elementary class if one can choose the theory T above
such that it is finite.

Proposition 11.2. Let K be a class of L-structures. Then K is an elementary class if and only if I is
closed under elementary equivalence and ultraproducts.

Proof. The forward direction follows from Los’s theorem. We now show the backwards direction. Let K be
a class of L-structures which is closed under elementary equivalence and ultraproducts. Consider the theory
T where
T:={p:VM e K,M = ¢}.

We show that T shows that K is elementary. If M € K, then clearly M = T. On the other hand, suppose
that M = T. Let I be the collection of finite subsets of Th(M). Then for each ¢ € I, we can find some
Ny € K such that Ny = ¢ [To see why this is true, suppose not... contradict the definition of T]. Then by
Lemma 10.9, there exists an ultrafilter D on I such that [, N; = M where each N; € K. Since K is closed
under ultraproducts and elementary equivalence, we conclude that M € K. O

Proposition 11.3. Let I be a class of L-structures. Then IC is a basic elementary class if and only if both
K and K¢ [the class of L-structures which are not in KC] form elementary classes.

Proof. Use the fact that the space of complete satisfiable L-theories is a compact Hausdorff space. O

12. HOW LARGE IS AN ULTRAPRODUCT?

Proposition 12.1. Suppose that (M;):cr is a sequence of L-structures such that |M;| = Rg for each i € 1
and I =N. Then

IR

D

And thus, under the continuum hypothesis, we have the < is equality.

Ny < < 2o

Proof. We first show the lower bounded. Suppose that [[, M; is countable. Enumerate the elements of
[1p M; via aj,as,a3 where a; = [a},a3,...],a2 = [a?,d3,..],a35 = [a},a3,a3,...]. Choose [by,bs,b3,...] €
[I;c; M; such that by # al, by # ak,a3, by # a},a3,a3. Then, b = [by, by, b3]p is not in the list [by Los’s
theorem] and so we have a contradiction.

The upper bound follows from straightforward cardinal arithmetic. Notice,

l;IMi JJREE

ieN
We may ask how rich an ultraproduct is. To discuss this, we need to discuss the notion of saturation.
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Definition 12.2. Suppose that M is an L-structure and A C M. If x4, ..., z, is a tuple of variables, then an
Loy, 2, (A)-formula is a formula which has free variables among 1, ..., z,, and possibly uses elements from

Definition 12.3. Suppose that M is an L-structure and A C M. Then a partial n-type over A is a
subset m(x1,...,2y) of Ly, », (A) such that every finite subset is satisfiable, i.e., for every mo(z1,...,2,) C
m(x1, ..., Tn), there exists by, ..., b, € M such that for every o(21,...,2pn,a) € mo(L1, ..., Tn),

M = (by, ..., byd).

Definition 12.4. Suppose that M is an L-structure and A C M. Then a complete n-type over A is a partial
n-type m(x1,...,x,) over A such that for every formula 6(z1,...,z,) € Ly, . 4, (A), either 0(z1,...,x,) €
(X1, ey Tp) OF 20(T1, ..., Tp) € (21, ..., xn). We let S,,(A) be the collection of complete n-types over A.

Example 12.5. Consider M = (N, <). Then {n < x : n € N} is a partial 1-type over N.

Example 12.6. Consider M = (2<%, <) where < is the initial subset relation. Then any path through this
tree gives a partial 1-type over 2<%“. In other words, if v € 2, then {y(n) < z : n € N} is partial 1-type.

Fact 12.7. FEvery partial n-type extends to a complete n-type.

Definition 12.8. We say that an L-structure M is k-saturated if for every infinite cardinal A < s, if A C M
and |A| < A, then every complete 1-type over A is realized in M, i.e., if p € S1(A) then there exists some
a € M such that for every 0(x) € p, M = 6(a).

Theorem 12.9. Suppose that (M;)ien is a sequence of L-structures and D is a non-principal ultrafilter on
N. Then [, M; is R;-saturated.

Proof. Let M = [[, M; and let C C M such that |[C| = Rg. Let p € S1(C). We want to show that
there exists some d € M such that d |= p. Enumerate the elements of p, (¢;(z,al,...,a]"") : i € N). Let

vi(z, &) = N\« ¢i(x,a;,...,aTj). Since p € S1(C), p is finitely satisfiable in M. Thus M | 3av;(z, a;).
By Los’s theorem, for each natural number 4,

Y :={t e N: M, = Jz4;(z,alt])} € D.
where aft] = (allt], ..., a7 [t], al[t], ..., a]*[t]) and for each £ < i and j < ¢, (a@ [thp = a%. We now let Xo =N

and let X,, = {t e N: ¢t >n}NY,. Note that X,, € D. We can now build our sequence of points in [,y M;
such that [d[t]]p = p. For each t € N, we n(t) be the greatest natural number such that ¢t € X,,;). We define
d[t] as follows:

(1) If n(t) = 0, then choose d[t] € M; to be anything.

(2) If n(t) > 0, choose d[t] € M; such that M; |= 1y, (d[t]).
We claim that for each n € N, [[ M; = ¢,([d[t]]p). This follows from the obsercation that X,, C {t € N:

My = én(d[t])}. O

Remark 12.10. This statement above is true in a more general setting. Let I be an infinite indexing set.
Let D be an ultrafilter on I. We say that D is regular if there exists a family of sets (Z,)nen from D such
that () Z, = 0.

Proposition 12.11. Suppose that I is an indexing set, D is a regular ultrafilter on I, and (M;);cr is an
indexed family of L-structures. Then [], M; is Y -saturated.

12.1. Choosing ultrafilters. It should be clear that if I take a sequence of L-structures (M;);c; and two
ultrafilters Dy and D5 on I, it is possible that

[12 2 ] M.
D1 D

Proposition 12.12. Suppose that L is a countable language. If T is pseudofinite then there exists a sequence
of finite structures (M;)ien such that for any non-principal ultrafilter D on N [[, M; = T.

Proof. Enumerate T' = ©1, @, .... Let ¢, = /\j<n ;. For each j, find some M; such that M; = ¢;. Then,
regardless of the choice of ultrafilter, we have that [[, M; =T O
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Can we give an explicit example of finite graphs such that any non-principal ultraproduct of this sequence
results in the copy of the random graph? Yes.

Definition 12.13. Let ¢ = p" be a prime power such that ¢ = 1 mod 4. We define the Paley graph P,
to be the graph with set of vertices V' = F, - the unique finite field of cardinality ¢, and we say that two
vertices a and b are connected if and only if 3z such that (a — b) = 22 [and a # b].

Fact 12.14. Let I be a non-principal ultrafilter on the set of indices {q : q is a prime power; ¢ =1 mod 4}.
Then for any non-principal ultrafilter D on I, we have that [[, Py is a model of the random graph.

13. ALMOST SURE THEORIES

Definition 13.1. Let K be a class of finite £-structures closed under isomorphism. For each natural number
n, we let (n) denote the structures from K with underlying domain {1,...n}. For each L-sentence ¢, we
define

_ H{M eK(n): M = ¢}

We let p(p) = limy o0 pin (). We let the almost sure theory of IC be T,s(K) = {p : u(p) = 1}.

Proposition 13.2. Fiz a class KC which 1s closed under isomorphisms. Suppose that T is complete and T'
is an aziomitization of T. If T' C Tys(KC) then T = Tos(K).

Proof. Fix ¢ € T. By the compactness theorem, one can prove that there exists {11, ...,¥,} C T' such that
if M =11 A... Ay, then M = . The statement then follows from a straightfoward computation. |

Theorem 13.3. Let L be a finite relational language. Let K be the class of all finite L-structures. Then
T,s(K) is complete. In particular, T,s(KK) = The(My) where My is the Fraissé limit of said class.

Proof. Recall that Thy(Mj) can be characterized by one-point extension axioms. So, by Proposition 13.2, it
suffices to prove that every one point extension axiom is in Ty (K). Suppose that o(z1, ..., 2, ) is a complete
quantifier free m-type and 7(x1, ..., x,,y) is a complete quantifier free (m + 1)-type such that 7 extends o.
We want to show that the following sentence

o i =VT1, oy Ty /\sci #a; | No(xy,...,xzn) = Ty ((/\y;«éml> /\T(xl,...wn,y))
i#j i=1
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is in Ty5(K). For simplicity, we let £ = {R}, a single binary relation. Now consider the following sequence
of computations:

Nn(_‘QOU,T) =pp | 321, . Ty /\-Ti #xj /\U(f)/\vy ((/\y#xz> AT(J?l,...,xn,y))

i#j i=1
0(z)
i#£]

= > w(0(ay, ..., am))

pairwise distinct (a1, ..., am) from {1,...n}
_ ) WO, )

pairwise distinct (a1, ..., am) from {1,...n}
=n(n—1)...n —m+ u((1,...,m))
< " (61, . m))
<n™py, (Vy ((/\ y # Z) — 1/}(2/)))

i=1

m . . m 1 n—m mpn—m

<n H tn(¥(4)) =n (1*W) =n"k — 0.

j=m+1
where in the above computation, ¥ (y) is defined as follows: ¥ (y) = =(A1 A... A Aam+1) where for each i < m;
o Ay 1 = R(i,y) if R(z;,y) is in 7(Z,y) and - R(4,y) otherwise.

e As; = R(y,1) if R(y,x;) is in 7(Z,y) and —R(y, ) otherwise.
o Agpi1 = R(4,4) if R(y,y) is in 7(Z,y) and —R(i,4)) otherwise. O

Example 13.4. Let I3 be the class of all finite triangle free graphs and K be the class of all finite bipartite
graphs. Then K3 and Kp are both elementary classes. We remark that T,s(K3) is not equal to the theory
of the Fraissé of 3. This is because almost all triangle free graphs of some fixed size are bipartite. In
particular, we have that T,5(K3) says, “There are no 5 cycles” while the the Fraissé limit admits a 5 cycle.

14. GRAPHON SAMPLING

Definition 14.1. A graphon is a symmetric measurable function W from [0,1]? to [0,1], i.e., W(x,y) =
Wy, z).

Definition 14.2. Let H be a graph on {1,...,n}. Then the graph formula corresponding to H is precisely

o (T, ... xn) = /\ R(x;, ;) A /\ —R(x;, ;).
i,j€[n) i,j€[n]
H=R(i,5) HE==R(i,5)

A graphon can help one build a random graph. For example, if H is a graph on {1,...,n} and we want to
determine if we randomly construct H after n-step, we

(1) Randomly sample points 71, ..., 7, from the unit interval.
(2) For each pair (r;,r;), we flip a W (r;,r;) weighted coin to determine if there is an edge.
(3) Check is the graph is isomorphic to H.

By summing up all the instances, we construct a measure on the space of graphs on N.

Example 14.3. Consider the constant graphon given by W(x,y) = 1/2.
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D=

What is the probability that three sampled points form a triangle? Alternatively formulation: What is
GN,W)(IR(1,2) A R(2,3) A R(1,3)])?

Answer 1: Compute the integral. f(tl.tz 15)€[0.1]3 $-3-3dL3=1/8.

Answer 2: Reason probabilistically; if we randomly select 71, 72,73 from [0, 1], then the W (r;, r;)-weighted
coin-flip is just a normal 50-50 coin-flip (since W (r;, ;) is always 1/2). Hence the probability that we have an
edge between any two points is 1/2. Since these coin-flips are independent, we arrive at 1/2-1/2-1/2 = 1/8.

Example 14.4. Consider the following graphon W:

What is the probability that three sampled points form a triangle? 0.
T3

2

1

S} T2 r3 T ] r3

Out of any three sampled points, at least two will be in either [0,1/2) or (1/2,1]. These two points will
not be connected by an edge. The configurations above show there are no triangles in either case.

Definition 14.5. Let G be the collection of graphs with underlying universe N. Then G is a closed subspace of
Str. [see next section for formal definition]. The processes of graphon sampling described above if equivalent
to giving a measure on this particular space. Given a graphon W, and a graph H on {1, ...,n}, we have that

GN,W)([¢w (i1, ... 1n)] = / [T W™, t;)de"
(1ot €O 1 )i,
where WHED (1, ¢,) = W (ty, t;) is H | R(¢,5) and WHED (t,,¢,) =1 — W (ty, t;) if H | —R(¢, 7). So, the
probability that we sample a certain graph H(z1, ..., z,) at step n is precisely G(N, W) ([¢u (1, ...,n)]).
17



Fact 14.6. The following are equivalent: Let H be a coutnable graph.

(1) There exists an invariant measure A on G which concentrates on H= where H= := {M € G : G = H}.
(2) There exists a graphon W such that G(N, W) concentrates on H=.

The take away: If we can figure out when there exists an invariant measure which concentrates on the
isomorphism class of a graph, then we are able to sample the graph — i.e., there exists a probabilistic
construction of said graph.

14.1. Formalism. The purpose of this section is to prove a result by Ackerman, Freer, and Patel, which
states precisely when there exists an invariant measure concentrating on a class of L-structures. The main
theorem of this section will be the following: Let A be a countable L-structure. Then the following are
equivalent:

(1) There exists a measure p on the space of labeled L-structures, Strz, such that p is invariant [under
the action of Sym(N)] and p concentrates on A= := {B € Str; : B~ A}.

(2) A has trivial group theoretic definable closure. If we let @ = a4, ..., a, € A, then we define the group
theoretic definable closure of A to be dcl(a) := {b € A: for every automorphism o of A which fixes
ai, ..., a, pointwise, o also fixes b}. We say that A has trivial group theoretic definable closure if for
every @ = ay, ...,a, € A, del(a) = a

Definition 14.7. Fix a countable language £. We let Str, denote the space of labeled L-structures. In

other words, Str is the collection of all L-structures with underlying universe N.

Definition 14.8. An L, ,(£)-formula is of the following:

(1) All atomic L-formulas are Ly, ., (£)-formulas.

(2) If (%) is an Ly, (L)-formula then Jz¢(Z) and —¢(Z) are Ly, ,(L)-formulas.

(3) If {pi(®)}ies is a countable family of L, . (£)-formulas, then A, ; ¢i(Z) is an Ly, ., (£)-formula
provided that if has only finitely many free variables.

Fact 14.9 (Scott). Given an L-structure A, there exists a single sentence @4 in Ly, (L) such that for any
countable L-structure B, B |= ¢4 if and only if B = A.

Remark 14.10. \/ = - A - and V= -3-.
Definition 14.11. Given an L, .,(£)-formula ¢(z1, ..., z,) and natural numbers i1, ..., 4,, we let
[Pty .oyin)] = {M € Strz : M = @(i1, ... in)}

Fact 14.12. For any L, «(L)-formula 0(z1, ..., z,) and natural numbers i1, ...,i,, the set [(i1,....1,)] is
a Borel subset of Stry. Thus, by Fact 14.9, for any countable L-structure A, we have that

{MEStI‘gZM%A}
is a Borel subset of Str..

Fact 14.13. Str; is a compact Hausdorff topological space with a subbasis of open sets given by
{[[Re(ih veny iar(R))ﬂ ‘R e £7 i1, '-~7iar(R) eNjee {il}}a
where RY(—) = R(—) and R™1(—) = =R(-).

Remark 14.14. Since Str, is a compact Hausdorff space, we can consider Borel prob. measures on it.

18



15. HRUSHOVSKI CONSTRUCTION

Definition 15.1 (Pre-geometry). A pregeometry is a set X together with a map ¢l : P(X) — P(X) is the
following properties:

(1) f ACP(X), then A C cl(A).

(2) If A C B then cl(A) C cl(B).

(3) cl(cl(A)) =cl(A)

(4) Ifa € (AU {b})\cl(A), then b € cl(AU {a}).

(5) c(A) = Hcl(F) : F Cfinite A}.
We say that a set B C X is closed if cl(B) = B.

Definition 15.2. Let (X, ¢l) be a pregeometry. Supposed that A C B C X and B is closed. We say that

(1) A is independent if for any a € A, a & cl(A\{a}).
(2) We say that A is a basis for B is A is independent and cl(A) = B.

Example 15.3. The span operation over a vector space; the algebraic closure operation over an algebraically
closed field.

Definition 15.4. Let M be a first order L-structure. We say that M is strongly minimal if for ever £-formula
¢(z;y) there exists a natural number n,, such that for every b € Ml either

{a e M: M E ¢(a,b)}| <ng,or [{a€M: ME —p(a,b)}| < neg.

Definition 15.5. Fix an L-structure M and suppose that A is a subset of M. The algebraic closure of A,
denoted acl(A), is the collection of points b € M such that there exists an L-formula ¢(z,y) and parameters
a € Al such that M = p(b,a) and [{b € M : M = ¢(b,a)}| < No.

Fact 15.6. If M is strongly minimal, then (M, acl) forms a pregeometry.

Zilber conjectured that essentially there are only three kinds of pregeometries: Ones that look trivial, ones
that look like groups, and ones that interpret algebraically closed fields. Hrushovski gave a counterexample
to this conjecture by variant construction on the Fraissé limit.

15.1. Hrushovski Construction. Let £ be a countable relational language so that there rare only finitely
many relations of each arity. We write £ = {R; : i < w}. Choose a list of non-negative real numbers
(a; 11 < w); each oy is the weight of the relation R;. Suppose that M is an L-structure and suppose the
arity of R; is r;. We let R;(M) ={a € M" : M = R(a)}. Let A be a finite L-structure. We define the
predimension function as follows:
5(A) = Al = ai|Ri(A)].
i<w

Throughout, we let IC be the class of all finite £-structures such that the relations R; hold only on distinct
elements for all ¢ < w. This implies that there are only finitely many structures up to isomorphism of each
finite cardinality. We let

Ko={A€K:§B) >0 for all non-empty B C A}.

Definition 15.7. Let B be an L-structure. Fix A1, A5 C B and Ag = A1 N Ay. Then A; and As are freely
amalgamated over Ag if the only edges in Ay U Ay which are not edges in A; or As have weight 0.

If A; and A, are freely amalgamated over Ag, the amalgam is canonical if there are no edges of Ay U As
which are not edges of A; or A;. We denote the canonical free amalgam of A; and Ay over Ay by A1 ®4, As.

Remark 15.8. If A, A, are (canonically) freely amalgamated over Ag = A1 N Ay and B C A1 U Ay; we may
put B, = BN A; i =0,1,2. Then B; and By are (canonically) freely amalgamated over their intersection
By.

Definition 15.9. Suppose that Ag C Ay, A) C As such that Ay = Aj. Then one can obviously construct
the free amalgam of A; and As over Ag = Aj. We denote the amalgam as A; ® 4, As.
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Lemma 15.10. Let B € K and A1, Ay C B. If Ag = A1 N Ay, then
6(A1 U Az) +0(Ao) < 0(A1) +0(Az).
Equality holds if and only if A1 and As are freely amalgamated over Ag.

Definition 15.11 (Strong substructure). If B € K, A C B, we write that A < B if for every A’ such that
A C A" C B, then §(4") > §(A). If 0 : A — B is an embedding, we say that it is closed/strong if c(A) < B.

The next three results are homework:
Lemma 15.12. Let Be K and A< B. If B' C B, then AN B’ < B'.
Lemma 15.13. IfC € K and A< B < C then A< C.
Corollary 15.14. If B € K and A C B, then there is a unique minimal superstructure D of A in B.

Lemma 15.15. Let B € K, A;, Ay be substructures of B which are in Ko. If Ay and As are freely
amalgamated over their intersection Ag = A1 N As and Ay < Ay, then A1 U Ay € Ky and Ay < A; U As.

Proof. First we show that As < Ay U As. Choose some D such that Ag C D C A1 U As. Let D1 = DN A;.
Then Ag C D1 C A1 = 6(Ag) < 6(Dq) since Ay < A;. Moreover, D is a free amalgam of Ay and D, over
Ap. Thus,
§(D) =6(D1) +6(A2) — 6(Ao) > 6(A2)
By the above, we know that 6(D1) — §(Ap) > 0 and so the inequality above holds.
Now we prove that A; U As € K. Choose C' C A; U Ay and suppose that C' is non-empty. We have two

cases:

(1) C C A;. We are done since A; € Ky.

(2) CN Ay is non-empty. Then by Lemma 15.12, C' N A < C. Hence,

0 < 6(C'NAy) <3(0).

where, the first inequality follows from the fact that CNAs C Ay and As € Ky. The second inequality
follows from the fact that C' N A5 is a strong substructure of C.

|
We now expand the families of structures we are interested in:

Definition 15.16. Let f : R, — Ry be a monotone increasing unbounded function such that f(0) = 0 and
0 e Ks. We put
Kr:={AeK:6(B)> f(|B]) for all B C A}.

Note that ICy C K.

Definition 15.17. If M is an infinite L-structure where all of the finite substructures are in IC and A € K,
we write A < M if for every finite A’ such that A C A’ C M, we have that A < A’.

Definition 15.18. We say that K is closed under free amalgamation if whenever Ay < A;, Ay € Ky, then
Al ® Ao A e K Iz

Definition 15.19. A countable L-structure M is a generic model of ICy if the age of M is Ky and whenever
A<M and A < B € Ky, then there is a closed embedding ¢ : B — M over A.

Theorem 15.20. Suppose that Ky is non-trivial and closed under free amalgamation. Then there is a
generic model for Ky.

Proof. Similar to the proof of Fraissé’s theorem except instead of ranging all substructures and all embed-

dings, one restricts the construction to strong substructures and strong embeddings. Build the model in

stages. Suppose at stage n we have constructed M,,. Enumerate all strong substructures By, ..., By, of M,,.

Enumerate all pairs (Dy, Cy)¢<s where D; & B, for t < k,,, C = A for j <n+1and D; < C;. Then we

let Xo = M,, X;11 = X; ®p, Cp, and M1 = X,. Then M = J,,., M,,. One checks that M satisfies the

conconclusion of the statement. O
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Lemma 15.21. Let M be a generic model of Ky where Ky is non-trivial and admits free amalgamation.
Then there is a unique minimal finite set B < M containing A, which we denote as clpr(A).

Theorem 15.22. Let M be a generic model of Ky where Ky is non-trivial and admits free amalgamation.
Then for any finite set A C M, clp(A) = acl(A).
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